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INTRODUCTION 
The purpose of this work is to describe the implementation of a numerical 
Hankel-Laplace inverter for computing thermoelastic laser generated ultrasound 
waves in isotropic solids. It was found in this work that numerical error controls that 
were generally adequate, for common laser pulse parameters and material properties, 
were not given in the literature. The authors also found that there were no numerical 
values available in the literature [1,2], which researchers could use for comparison 
while developing their own computer codes. In this work, a numerical Hankel inverter 
is described for computing laser generated ultrasound waves. Empirically developed 
error controls, for both the Hankel and Laplace inverters, are also described, and the 
difficulties in implementing these inverters are discussed. Numerical values of 
waveforms are given at the end, which future researchers may use as benchmarks for 
developing their own computer programs. Note that space limitations did not permit a 
complete description of the numerical methods here, and the interested reader is 
referred to Sanderson [3]. 
GOVERNING EQUATIONS AND NUMERICAL METHODS 
Consider a plate of infinite extent subjected to a laser pulse on one face. Both the 
upper and lower surfaces of the plate remain stress free at all times. With r ~ 0, 
o :::; z :::; L where L is the plate thickness, and t ~ 0 , 
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T = temperature 
T j = initial temperature 
e = T-T j 
k = thermal conductivity 
a. = thermal diffusivity 
't'R = thermal relaxation constant 
cH = Ja./ 't'R = heat wave speed 
r = coefficient of thermal expansion 
e = V·y 1 co = -VxY 2 
Y = urir + wiz = displacement 
A" fJ = Lame constants 
P = density 
Cs = JfJ/p 
cL = J(A,+2fJ)/p 
Po = [(3 - 4c§/c[) 
e = dilation 
co = rotation 
(I) 
(2) 
Cylindrical coordinates are used due to the cylindrical symmetry of the laser beam, i.e. 
a/as = o. For a plate initially at rest all initial conditions are zero. Denoting the 
stress tensor by aij and the heat flux by q"(r, t) , the boundary conditions are 
a··· i I = 0 
1J Z Z = 0 
ae I aq"(r, t) 
-kaz = q"(r,t)+'t'R at 
z=o 
a ... il =0) 1J Z Z = L 
_kael = 0 . 
az z= L 
(3) 
To obtain solutions the Helmholtz decomposition is first applied, then Hankel and 
Laplace transforms are applied to the r coordinate and time, respectively. These 
solutions have been described in previous works [3, 4] and are not given here. The 
zero order Hankel transform of a function g(r) and its inversion integral are 
where the real valued Y is the Hankel transform variable and Jo(z) is the zero order 
ordinary Bessel function. The Laplace transform off(t) and its inversion integral are 
L{f(t)} = (e-S1f(t)dt = pes) 
where the Laplace transform variable s is a complex number, and ap is greater than 
the right-most pole of P(s). The Hankel-Laplace transformed solutions are [3,4] 
(6) 
~ 
A similar expression obtains for the inversion of w(y;z;s). 
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Crump's method [5] was used in this work to expand the Laplace inversion 
integral in a complex Fourier series, which gives an approximation to f(t). 
f(t) ~ ea:~ a) + e;r k~JRe[F(a+i~)Jcos(k;t)-Im[F( a+ ik;)]sin (k;t) } 
s = a + i~ a = O"p - In(;:R) 2T > t i = H (7) 
where ERR is the magnitude ofthe relative error desired in significant figures. The 
expression which finally must be evaluated numerically is 
-Ioo earll;.(y;z;a) ur(r,z,t)~ yJ1(yr) 2T dy+ 
o 
e;T ktl {Ii Jl(yr)Re[~(y;z;a+ i~)Jcos(k;t)dY} 
-flJl(yr)Im[~(y;z;a + i~)Jsin(k;t)dY} 
Crump's Fourier series converges extremely slowly, and Crump [5] recommends 
using the Epsilon Algorithm (EPAL) to speed convergence. EPAL is [6] 
1 
s(s+l,m) = s(s-l,m+l)+ ( +1) ( ) s s,m -s s,m 
where s(-I, m) = 0, s(O, m) = 8m , and 8m is themthpartial sum of the series. 
THE LAPLACE INVERTER 
(8) 
(9) 
The primary difficulty in implementing Crump's method [5] for the inverse 
Laplace transform was in determining when EP AL had finally extrapolated the limit of 
the Fourier series. Though EPAL extrapolated the limiting value markedly faster than 
the series could be summed directly, it was still difficult to tell exactly when 
convergence had occurred. This problem was most pronounced at points where 
near-step discontinuities existed. 
The cause of the convergence problem in calculating ultrasonic waveforms is 
illustrated in Figure 1, which shows how the extrapolated values (Equation 10) from 
EPAL tend to oscillate as they approach the limiting sum of the Fourier series. The 
smooth curve connecting the data points in Figure 1 was added as a visual aid to 
indicate the trend in the data. The difficulty in determining convergence of the Fourier 
series was that at points where the oscillations in s(m) changed direction (circled in 
Figure 1), several extrapolations s(m) in succession would be numerically almost 
identical, to as many as 9 significant figures or more. This means that if the final 
answer is desired to an accuracy of, for example, 5 significant figures, convergence 
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Figure 1. EPAL extrapolation of Fourier series. 
cannot be determined in the usual fashion with an expression such as 
-5 e(m+l)/(e(m))~lxlO . (10) 
The convergence test used in this work was to require that Equation 11 be satisfied 
some number CONY in succession, where the value of CONY was determined by trial 
and error on a case by case basis, and ranged from II to 29. It was found that CONY 
varied with laser pulse shape, material properties, time, and position. Thus, a single 
value of CONY which is generally valid. No means of predicting the necessary value 
of CONY in advance was identified. 
It was readily apparent in the numerical results whenever CONY was assumed too 
small. For any given waveform the required value of CONY is time varying. Thus, if 
CONY were set too low, then in Figure 1 convergence would be indicated at A at one 
point in time, at B at another point in time, at C at some other point in time, etc. The 
end result is an ultrasonic waveform which appears to be "noisy". This is illustrated in 
Figure 2 where CONY = 5 is too low, and in Figure 3 where the correct value of 
CONY = 19 has been used. Because in any given waveform the value of CON V is 
time dependent, it is highly unlikely that CONY could be set too low without the final 
results appearing as in Figure 2. A low value of CONY would cause false 
convergence to be indicated at different points (A, B, C, etc.) as shown in Figure I, and 
the final answer would reflect this as in Figure 2. 
Exact solutions for three dimensional laser generated ultrasound waves were not 
available. As an initial test case for the computer code developed in this work, 
numerical results were compared to waveforms given by McDonald [2], shown in 
Figure 4. The amplitude in Figure 3 does not agree with McDonald [2] exactly, which 
is thought to be due to differences in material properties. McDonald [2] did not list the 
material properties he used to calculate his wavefonns. However, the overall 
agreement between Figures 3 and 4 is good. 
One final noteworthy issue regarding the Laplace inverter pertains to the existence 
of a large right-plane pole in the temperature and displacement functions if the 
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Figure 2. Epicentral displacement as per McDonald's (1990) parameters: Gaussian 
spatial profile, Ro = 0.1 mm, Z = 1 mm , exponential temporal profile, 4 ns rise time, 
CONY = 5. 
classical heat equation is used. Using the Hankel-Laplace transformed three 
dimensional displacements as an example, the denominator contains terms of the form 
where cH is the heat wave speed, cL is the longitudinal wave speed, and u is the 
thermal diffusivity. In the classical case cH -+ 00, and Equation 11 reduces to 
(11) 
(12) 
This makes the right-most pole of the displacement function up = C[ / u , and for 
aluminum cli u "'" 5 x 1012 . For a typical time scale on the order of 1 microsecond, the 
term aT in the Fourier series, Equation A.4, is then on the order of 106 , which 
immediately causes exponential overflow. Crump's method is thus incapacitated for 
the classical solutions on all time scales of practical interest. It was found in this work 
that the classical solutions could be inverted by ignoring the right-plane pole, as the 
results in Figure 3 demonstrate. Why this works is not known, but it appears that the 
large right plane pole in the classical solution is exponentially small. 
THE HANKEL INVERTER 
The quadrature method given by Clenshaw and Curtis [8] was chosen for the 
Hankel inverter in this work because it is fast and progressive. The interested reader is 
referred to Clenshaw and Curtis [8] for the details ofthe method. Evans [7] suggests 
integrating between successive zeros of the argument of the integraL This is, 
00 Zi + J 00 
H;;-I{G(y)} = I = L J yG(y)Jo(yr)dy = LIz 
i = O Z; i= O' 
(13) 
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Figure 3. Same parameters as in Figure 2, but with CONY = 19. 
where the Zj are chosen to coincide with the zeros of the Bessel function. According 
to Evans, the Clenshaw-Curtis formula, can then be used to evaluate the individual 
terms Iz;, and EPAL can be applied to the resulting sequence. 
The procedure described by Evans [7], of evaluating the Hankel inversion integral 
between successive zeros and then applying a sequence accelerator, did not work in 
this research. EPAL failed to converge, probably because the sequence Iz did not 
approximate geometric convergence as required by the algorithm. In this ~ork, 
integration was carried out between successive peaks rather than successive zeros, 
which proved to yield much faster program execution. 
The primary problem in implementing the numerical Hankel inverter was in 
determining when the integral in Equation 14 had converged. Accuracy in the Hankel 
inverter is essential because the results will be used in EPAL, which amplifies any 
inaccuracies. The magnitude of the integral is typically quite small, ranging in 
magnitude from 1 x 10- 5 to as little as 1 xlO-20 , depending on position, time, and 
parameters. For accuracy it is important not to integrate too far, i.e. after the argument 
of the inversion integral has gone to zero, and this is especially true as the total value 
of the integral decreases. Integrating beyond the point where the function has gone to 
zero introduces numerical noise in the final answer, which is then amplified in EPAL. 
The method of determining convergence here was as follows. 
Assume the integration in Equation 14 has been carried out over i = k 
subintervals. Then, the maximum real and imaginary values of Iz,; 
Convergence of the Hankel inversion integral was taken to occur when the sum of five 
successive integration intervals (Zj, Zj + 1 ) (see Equation 14) was negligible, i.e., 
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Figure 4. Waveform given by McDonald [2], parameters given in Figure 2. 
Equation 16 is conservative and perhaps slow, but proved consistently reliable. 
NUMERICAL RESULTS 
(15) 
Numerical values are given for three different waveforms. Waves at observation 
angle 90 = 30° , are shown in Figure 5. Numerical values at selected times, for 
Figures 3 (90 = 0°) and 5, are given in Table 1. This gives future researchers a 
beginning benchmark for comparison. The spatial laser pulse profile in Figures 3 and 
5 was Gaussian with Ro = 0.1 mm, and the temporal profile was exponential with 
a = 4 ns, as per McDonald [2]. 
g(r) = exp( _2;22) t f(t) = _e-t/a 
a 
(16) 
o 
The material properties used to generate the results in Table I were for aluminum, 
thermal diffusivity ex = 73x lO-6m2/s , thermal conductivity k = 177 W/mK, 
Young's modulus Y = 69 GPa, shear modulus G = 26 GPa, coefficient ofthermal 
expansion r = 23xlO-6 fC, and a density of 2710 kg/m3. 
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Table 1. Numerical values of waveforms. 
Time, ns Figure 3 Figure 5, ur Figure 5, w 
175 -0.256 0.0185 0.216 
200 -0.511 -0.311 -0.101 
225 -0.723 -0.463 -0.163 
250 -0.968 -0.635 -0.232 
275 -1.24 -0.830 -0.313 
300 -1.55 -1.05 -0.406 
325 -1.86 1.64 -1.83 
350 -0.852 -0.0395 -0.708 
375 -0.841 -0.181 -0.608 
400 -0.831 -0.142 -0.601 
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